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Introduction

1.
In modern economic activities more and more attention is paid to the indicators of efficiency of these activities and different processes (Shlychkov V., Nestulaeva D. 2009) . Efficiency is becoming the most succinct indicator of costs, profits and time of economic and technological processes by which you can evaluate the work of complete systems and individual processes and elements. Increasing of complexity of technologies, the increasing dynamics of social, political and economic systems, reducing of the periods of technological structures caused increasing demand for labor efficiency as the most important component of companies' work. Recent studies increasingly show that the most important element in increasing the efficiency of production is the quality of the workforce that can provide high efficiency of labor (Abdukarimov I., Ten N. 2011 , Simonov M. 2012 . The conditions and contents of work determine socio-economic efficiency of labor, the increase of which is becoming a necessary condition of the organizations' activities (Kotlyar B. 2014 ). There is a need for an accurate assessment of the impact of social factors on the efficiency of work, as decent work, social climate, the number of real-time employment and other factors have a significant impact on human activities at the workplace. At the same time, the high degree of uncertainty and unpredictability of many of the processes associated with work does not allow to calculate the required work results with the use of the known methods. Economicmathematical modeling allows calculating the planned indicators of labor efficiency on various parameters (Semenov K. 2014 , Savchenko, I.A. 2008 , Rusyak, Ketova, K. 2007 . The modeling of the effectiveness of labour of the workers of industrial enterprises is of scientific interest, as it is necessary to establish a proved relationship of labor efficiency and profitability of products. The presented method allows modeling a planned increase in efficiency of labour with a high degree of reliability.
Methods of Modeling the Efficiency of Labour 2.
The efficiency of labour of different categories of workers can be represented by two groups of indicators: indicators of production efficiency (productivity of labour) and indicators of economic (financial) effectiveness (productivity of labour) (Galiullin H. 2012) .
Recent studies suggest the methods of frontier research in the measurement of economic performance, such as Bayesian methods, self-tuning method, duality theory and the analysis of the sample of asymptotic properties (MurilloZamorano, L. 2004 ). Multifactor models of aggregate labour productivity are also used to analyze the effect of different factors in order to identify the reserves of growth and the increase of productivity (Semenov S., Komarova O., Permin S., Laricheva N. 2007 , Diligenskiy N., Panormov V. 2007 ). The possibilities of simulation modeling of production situation development can be considered in general for large industrial enterprises and for individual parts of a complex object. For technological processes in some cases discrete-event approach is used which is more suitable for homogeneous objects (Radaev A., Leventsov V. 2011 ). The mathematical relationship of human capital, productivity and economic growth is considered by many scientists and the quality of workforce is increasingly used as the defining parameter (Kuznetsov Y. 2012) . The use of economic and mathematical methods allows finding optimal variants which in their turn make it possible to reach significant increase of the indicators influencing the growth of the economic efficiency (Terezova G., Zyablikova O. 2013) . But modeling of the increase of efficiency of labour with the use of economic and mathematical methods is practically not described in scientific literature because theoretical provisions of it are not studied enough and there are a lot of vague, unpredictably changing factors. However, with a certain abstraction labour efficiency can be expressed by determined or stochastic factor economic and mathematical model.
The determinate model of efficiency of work can be expressed by multiplicative or multiple economic model (Galiullin H., Ermakov G. 2013) . Stochastic model of efficiency of work can be represented by a complex factor function with variable structure, changing nature of the dynamics, containing incomplete, vague and insufficiently formalized information.
Methods of modeling indicators of efficiency of labour in the form of determinate models are adequately developed and used for their planning and analysis.
The author's technique of modeling indicators of efficiency of labour in the form of stochastic models for their forecasting is presented in the journals earlier reviewed (Ermakov G., 2013) .
In the management of efficiency of labour there was used the following methods of step-by-step building of economic and mathematical models of such efficiency.
At the first stage the analysis of the socio-economic structure of the workers and their performance is made, the results of which form the initial list of factors influencing these figures.
At the second stage single-factor static and dynamic economic and mathematical models of the efficiency of labour of the workers are constructed. Specification of the models is determined on the basis of visual assessment of the location of the points on the correlation field, the results of the previous studies and considerations of professional nature, based on the knowledge of the economic substance of the relationship between the efficiency of labour (y) and the relevant factor (s). The experience of the author in the field of construction of single-factor static models of efficiency of work shows that, as a rule, we can only form the models of such types:
-linear regression: =a+bx+ ; -regressions nonlinear in the explanatory variables: -polynomials of different degrees: = +b1x+b2x 2 +b3x 3 + ;
-equilateral hyperbole: + + ; -regression nonlinear in the parameters evaluated: -degree regression: = b ; -exponential regression: = b x .
Single-factor dynamic model of productivity may be presented in the form of trigonometric polynomial:
,
where is a trend in the form of linear function; is the amplitude of vibrations; is the period to be revealed; is harmonic phase. The effectiveness of labor in dynamics may not contain any trend or cyclical fluctuations and each following level in 
where is a piece-linear difference regression function representing the Markov model of the first type:
where is a linear regression determined only in the area of the values of the argument; is a characteristic function . The effectiveness of labour can be expressed by the Markov model of the second type:
; (4) Of course, the real data on labor productivity may not fully represent one of any of the above models. In most cases they contain all three components. Each level of labor productivity is determined by the trend, seasonal variations and random variable. The econometric approach to the calculation of the efficiency of labor is represented by various scientists (Heshmati A., 2003) . Different parametric and non-parametric approaches to measuring labour efficiency can have in the context static, dynamic and concrete forms of modeling.
The dynamic multifactor model of labour efficiency can be expressed by the following mixed economic and mathematical model:
.
(5) The method of building single-factor economic and mathematical dynamic models of labour efficiency consists of the following stages:
The first stage. Statistic single-factor and multifactor regression models of labour efficiency are formed. The second stage. The analysis of the constructed models aimed at the revealing of periodical (seasonal) variations of labour efficiency within the limits of the trend month by month is made.
The third stage. The Time series of labour efficiency with the seasonal effect are studied by the method of harmonic analysis.
The fourth stage. The task of spectral analysis is formulated. On the given values of the function Yk, (labour efficiency) in the moments (6) We approximate (t) on the interval (0, ) by the trigonometrical polynomial of the type: , (7) Spectral analysis allows revealing hidden periodicity, i. . find the value m. The trigonometrical polynomial (7)is represented as an exponential function: , (8) Where coefficients Cm are found by the inverse Fourier transformation formula which has the following form for the end discrete series: ,
The graph of dependence of variables from m is called Fourier line spectrum where Pm is the period aliquot to the length of implementation T (1 T 120), m is harmonic number.
The fifth stage. The parameters for the trigonometric function (7) are determined by the least square method:
, (10) The sixth stage. The series of observations, the values of which represent resulting interaction of certain Rome-Italy Vol 6 No 6 S3 November 2015 530 components with periodic random error is formed: , (11) where is the value of random error. Such a series can be viewed as a discrete stationary time series that allows you to define the parameters of its harmonic components using methods of spectral analysis.
The seventh stage. The selective spectral density function or selective spectrum is studied. For the series (11):
, (12) where Cf is Fourier transformation of the series (11): , (13) The parameter f is called frequency, the function S(t) is determined on the continuous range of frequencies . =T/N is a time step. The selective range of time series (11) can be regarded as a superposition of the selective spectra of its periodic components qi (t) and pure random process P (t).
If the process contains hidden periodicity and the frequency is f=1/P the function Sf has maximum. corresponds to the period of harmonic component with maximum amplitude.
The eighth stage. The harmonic component is excluded from the series (11). The ninth stage. This exclusion is repeated several times till the series become a pure random process (white noise). The successive exclusion of harmonic components allows avoiding the effect of imposition of frequencies.
The tenth stage. The borders of stably determined periods are calculated:
, (14) As the Fourier transformation is symmetrical, the random spectrum is also a symmetrical function with regard to point f=0. That is why it is enough to calculate S(f) according to the formula (12) for . It is expedient to calculate the random function of spectral density with frequencies , where m is the index of spectral function.
The function can be calculated with the help of quick Fourier transformation and then determine its maximum value. The formula (12) is: , 
where is the dispersion of the parameters A and ; -average square error of approximation (16); f, P -errors in determination of frequency and period.
The fourteenth stage. Construction of the dynamic single-factor model of labour productivity. The fifteenth stage. Checking the adequacy to the real conditions of the model according to F-criterion Multifactor static and dynamic economic and mathematical models of labour efficiency are build. When making multifactor regression models of labour efficiency one should take into consideration that none of the factors influencing the resulting indicator can not be considered in isolation with the others. Changing of a factor may significantly influence the other factors. For example, changing of the age lead to the changing of such factors as professional experience and the level of education. Sufficiently accurate approximation of the static relationship of labor efficiency and its determinants is provided by multifactor equation of the second-degree polynomial in which the factors are given with integer exponents, and the coefficients -in the linear form: ,
where b0, bi, bii, bij are estimations of the model coefficients; n is the number of factors; Xi, Xj are the factors, (i,j = 1,2,...,n).
The selection is based on the analysis of static characteristics according to t criterion of Student for linear multifactor models and the coefficient of determination for single-factor models.
To construct the model that meets the requirements of the dynamic multifactor model we study the Fourier coefficients (7) in conjunction with the factors analyzed. To do this, it is necessary to build, for example, the model of the form (7) according to the dynamic series for each worker. 
The analyzed factors X1,..., are relatively slightly change. As a result, the relationship between the coefficients of Fourier and the factors X1, 2,..., can be rather accurately approximated by linear dependence. Using the method of the least squares we build multifactor equations of regression: 
, The Fourier coefficients (7) are determined in the form of the linear function from the social factors . Introducing in the equation (7) the dependences (23), we form the following model:
(24) Such dependence will satisfy the requirements of identification of the dynamic model.
The Results and Discussion: Economic and Mathematical Models of Labour Efficiency 3.
Realization of the method of economic and mathematical modeling of labour efficiency allows constructing the models of labour efficiency adequate to the real conditions.
For example, single-factor models of the productivity of labour of the workers from the main workshops of Dimitrovgrad enterprise producing carpets JSC "Covrotex" are presented in Table 3 (Sagan O., Ermakov G., 2007) . Table 3 presents the following factors: age ( 1), working experience ( 2), professional experience ( 3), the level of education ( 4), family status ( 5), living conditions ( 6), the duration of involuntary administrative leave ( 7), the number of days of the delay of payment of wages ( 8). Table 3 . Statistically significant models of the productivity of labour. The data of Table 3 testify the adequacy of the labour efficiency models to the real conditions. The closest relationship is observed between the percentage of the production quotas and such factors as "the duration of the involuntary administrative leave" and "the number of days of the delay of payment of wages." It can be said that the differences in the efficiency of many companies are related to insufficient taking into account the factor of labor efficiency (Chadwick C., Ahn J., Kwon K., 2012 , Henderson, H. 2014 ).
On the results of the research the multifactor model of the productivity of labour was built: =102,1+0,0072 1-0,4659 2+0,4172 3-0,0632 4-0,1842 5+ +0,1053 6-0,1366 7-0,0002 8. (25) The given equation shows that the percentage of the production quotas on average increased by 0,0072 and 0,4172% respectively at the 1 year increase of the age of the worker and her professional experience; decreased on average by 0,4659% at the 1 year increase of her total working experience; decreased by 0,0532 and 0,1842% at the increase of the level of education and family status by one point; increased by 0,1053% at the increase of the level of living conditions by one point; decreased by 0,1366 and 0,0002% at the increase of the duration of the involuntary administrative leave and the number of days of the delay of payment of wages by one day.
Non-linear multifactor mathematical models of labour efficiency: The average square deviation for the corresponding models: = 5,3%, = 5,8%, = 5,14%, = 6,14%. In order to determine the degree of influence of this or that factor on the efficiency of labour of the workers we calculated the coefficients of elasticity.
For the polynomial model of the second degree the coefficient can be determined by the following formula:
, (30) The coefficients of elasticity for the equations 26-29 are presented in Table 4 . By analyzing these equations we can find that changing of the average evaluation of the factor leads to the changing of the efficiency of labour of the workers. When the average fixed values are X1, X4, 5, 6, changing of professional experience of workers by 1 year leads to the changing of labour efficiency of the workers at the enterprises 1, 2, 3, 4 respectively by 1,1; 0,9; 1,2; 1,0%. When the average fixed values are X1, X2, 5, 6 changing of the level of education by one point leads to changing of the labour efficiency respectively by 2,1; 2,3; 3,6; 2,6%.
Additional analysis allows making a conclusion that labour efficiency increases when professional experience increases up to 17 years, the level of education increases up to 3 points, the level of living conditions -up to 5 points, of the family status -up to 4 points and then decreases within the limits of 0,7 -2,2%. The maximum efficiency of labour was observed for the workers with professional experience of 14-16years, with secondary education, married, having children and living in their own flat.
As the result of realization of the algorithm (7-21) we built the dynamic single-factor model of the dependence of labour efficiency Y(t) on the time factor t: , where t is changing within the limits -31,5 -91,5; the first month of the year 1979 corresponds to -31,5, then t changes with the step of the 1month.
The fragment of the comparative results of the calculation of the level of productivity of the workers of the cloth factory named after Stepan Razin of "Ulianovsktextilprom" is given in Table 5 . The analysis of the data of Table 5 revealed the critical points of the level of labour efficiency of the workers. For example, it significantly increases in February, June and October and decreases in April, July and August. The efficiency of labour changes with the established periodicity. In the first harmonic period is equal to 4 months, then the period is equal to 6, 12 and 3 months respectively. It means that the labour efficiency is changed periodically and the period of fluctuations equal to 4 months is the most significant. The average square deviation of the forecasted values from the factual ones is 1. 14%. The realization of the algorithm (23-24) allowed to build the economic and mathematical dynamic multifactor model of labour efficiency: , (32) where t is time factor, month. The phases 1 = 5,1; 2 = 4,2; 3 = 3,8; 4 = 0,2 correspond to the periods 1 = 4,0; 2 = 6,0; 3 = 12,0; 4 = 3,0.
The model (32) is checked for adequacy according to F -criterion. The calculated value of F -criterion is equal to 85,7 and is higher than the value from the table. It testifies the adequacy of the model to the real conditions of production.
The random results of the calculation of the efficiency of labour are given in the Table 6 . The analysis of the data of the Table 6 shows that the forecasted retrospective level of labour efficiency periodically fluctuates depending on various factors. For example, it was revealed that the level of labour efficiency of the 19-year old woman living in a hostel is 85,3% -106,2% and it is 93,0% -114-117% for the woman of the same age living in her own flat and having a child.
To make comparative analysis of the different models of labour efficiency we built economic and mathematical models of labour efficiency and labour profitability of the workers of the first shift of the carpet production of JSC "Covrotex" working on tufting machines Pickering, England.
Economic and mathematical model of the labour efficiency: 
The implementation of these models is presented by the data in Table 7 . The data of the Table 7 show that the workers work intensively but not profitably. More than that -the more intensive their work is the less is profitability.
Conclusion
4.
So, to estimate and plan the efficiency of labour of workers it is necessary to take into account not only the indicators of productivity but also the indicators of profitability.
The suggested method of economic and mathematical modeling of labour efficiency allows determining the change of the level of labour efficiency in statics and dynamics depending on the changes in the state of the factors.
It was established that the indicators of labour efficiency can be evaluated as production effectiveness (productivity of labour) and economic (financial) effectiveness (profitability of labour). On the basis of the analysis of the studied factors the relationship was found which can be represented by determinate or stochastic factor economic and mathematical model. The advantage of the stochastic model of labour efficiency is that incomplete, vague and incompletely formalized information is taken into account via complex factor function with variable structure and changing character of dynamics.
There was presented the model of step-by-step constructing of economic and mathematical models of such efficiency. It was established that the efficiency of labour in dynamics may not contain any trend or cyclical fluctuations, and each following level in the time series can be represented by the sum of the average number and a random variable. The technique of construction of single-factor economic and mathematical dynamic models of efficiency of labour which consists of 12 stages, which allows you to build models adequate to the real conditions of efficiency of labour.
On the results of the study multifactor model of labor productivity is build which indicates that labor productivity varies periodically, and the period of variation equal to 4 month is the most significant. We calculated the coefficients of elasticity to determine the degree of influence of this or that factor on labor productivity. As a result of the algorithm realization the dynamic factor model of productivity Y (t) dependence on the factor of time t was built. Selected results of the calculation of labor productivity testify the adequacy of the model to real production conditions.
The data presented in the article show that the efficiency of labor is a more significant indicator for the efficiency of production than productivity because the more intensively the workers work, the less profitable is their work if the labour is inefficient. Therefore, to improve the profitability of production the focus should be made on the efficiency of work rather than on productivity. The proposed method makes it possible to model the efficiency of labor in the planned period. It seems perspective to continue the research on various parameters with changing external and internal data.
